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Abstract
We study the existence of non-trivial real-valued (respectively rational-valued) irreducible p-Brauer char-
acters of degree not divisible by q.
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1. Introduction
Suppose that G is a finite group, let q be a prime number and let Irr(G) be the set of irreducible
complex characters of G. In [1], M. Isaacs, G. Malle and G. Navarro have studied the existence of
non-trivial real characters χ ∈ Irr(G) of degree not divisible by q . More recently [4], G. Navarro
and P. Tiep have also studied if these characters could even be taken rational-valued. Now, we turn
our attention to p-Brauer characters of G. Letting, as usual, IBr(G) denote the set of irreducible
p-Brauer characters, our main result is the following.
Theorem A. Let G be a finite group, and let p and q be primes, where p = 2. If G is p-solvable
and q-solvable, then the following conditions are equivalent:
(a) There is a non-trivial ϕ ∈ IBr(G) real-valued of degree not divisible by q .
(b) There is a non-trivial ϕ ∈ IBr(G) rational-valued of degree not divisible by q .
(c) |NG(Q)| is even for some Q ∈ Sylq(G).
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2-subgroup and with an even order Sylow q-normalizer (with non-trivial Sylow q-subgroup).
Since such a group has no non-trivial real-valued irreducible 2-Brauer characters. (We can also
find counterexamples with O2(G) = 1 if we wish.) If G is not q-solvable, L2(7) with q = 7 and
with p any prime not dividing |G|, is a counterexample for Theorem A. If G is not p-solvable,
then Theorem A is also false as shown by L2(11) with p = 3 and q = 2.
2. Proof of theorem
Throughout this paper, p is an odd prime and IBr(G) is the set of irreducible p-Brauer char-
acters. Let q be a prime. Let IBrq ′,R(G) be the set of irreducible p-Brauer characters of q ′-degree
and let Irrq ′,R(G) be the set of irreducible characters real-valued of degree not divisible by q . If
N  G and θ ∈ IBr(N), then IBr(G | θ) is the set of ϕ ∈ IBr(G) that lie above θ .
2.1. Proposition. Suppose that G is a p-solvable and q-solvable group. If there is ϕ ∈ IBr(G)
real-valued of degree not divisible by q , then |NG(Q)| is even for some Q ∈ Sylq(G).
Proof. First, suppose that q = p. Let H ∈ Hallp′(G). We know that ϕ has a real Fong character
αϕ ∈ Irr(H) real-valued, by Corollary B of [2]. Now, by Theorem B of [1] we have that 2 divides
|NH (Q)| where Q is a Sylow q-subgroup of H . Thus 2 divides |NH (Q)| where Q is a Sylow
q-subgroup of G, as wanted.
Now, suppose p = q , then we argue by induction on |G|. Let N be a minimal normal sub-
group of G. If N is a q-group then N ⊆ ker(ϕ) and by induction we have that |NG/N(Q/N)| =
|NG(Q)/N | is even for some Q ∈ Sylq(G). Thus |NG(Q)| is even, as wanted.
Thus we may assume that N is a q ′-group and that N ⊆ ker(ϕ). Otherwise, 2 divides
|NG/N(Q/N)| = |NG(Q)N/N | for some Q ∈ Sylq(G) by induction. And hence |NG(Q)| is
even.
Let θ ∈ IBr(N) be an irreducible constituent of ϕN . Let T = IG(θ). Notice that q does not
divide |G : T |. So θ is Q-invariant for some Q ∈ Sylq(G). Let Δ be the set of Q-invariant
irreducible constituents of ϕN . By Sylow’s theorem it follows that if θ,μ ∈ Δ, then there is
x ∈ NG(Q) such that θ = μx . Thus NG(Q) acts transitively on Δ. Hence if |Δ| is even, |NG(Q)|
is even, as desired. Now, we may assume that |Δ| is odd. Then there is θ ∈ Δ such that θ ∈
IBrq ′,R(N) is Q-invariant. Since N is a p′-group, we have that θ ∈ Irrq ′,R(N) is Q-invariant. By
Lemma 2.1 of [1] we have that CN(Q) is even. So |NG(Q)| is even, as desired. 
2.2. Lemma. Let G be a p-solvable and χ ∈ Irr(G) be real-valued of odd degree. Then χ0 ∈
IBr(G). Furthermore, χ0 is not trivial if χ is not trivial.
Proof. This is Theorem 5.1 of [4]. 
If χ ∈ Irr(G), then χ0 denotes the restriction of χ to p-regular elements of G.
2.3. Proposition. Let N be a normal subgroup of G such that G/N is solvable. Let Q ∈ Sylq(G).
Assume that |NG(Q) : NG(Q) ∩ N | is odd. If θ ∈ Irr(N) is {p,q}′-special, real-valued (respec-
tively rational-valued) and Q-invariant then there is ϕ ∈ IBr(G) lying over θ0, and such that ϕ
is real-valued (respectively rational-valued) of degree not divisible by q .
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that Q ⊆ T . We have that |NT (Q) : NT (Q) ∩ N | is odd. If |T : N | < |G : N |, by induction
we have that there is ψ ∈ IBr(T | θ0) real-valued (respectively rational-valued) of degree not
divisible by q . By Clifford correspondence it follows that ϕ = (ψ)G ∈ IBr(G | θ0) is real-valued
(respectively rational-valued) of degree not divisible by q .
Thus, we may assume that θ ∈ Irr(N) is G-invariant. Suppose that q = 2. We have that o(θ)
divides 2. If θ is real-valued and o(θ) = 1, by Theorem 2.3 of [3], there is χ ∈ Irr(G | θ) real-
valued of odd degree. If θ is rational-valued and o(θ) = 1 there is χ ∈ Irr(G | θ) rational-valued
of odd degree. Now, by the previous lemma χ0 ∈ IBr(G) is real-valued (respectively rational-
valued) of odd degree. Therefore we may assume that o(θ) = 2. But since θ is {p,q}′-special,
we have that o(θ) is a {p,q}′-number and q = 2, a contradiction.
Thus, we have that q is an odd prime. Let M be a normal subgroup of G such that M/N is
a chief factor of G. We claim that there is α ∈ Irr(M | θ) which is {p,q}′-special, real-valued
(respectively rational-valued) and Q-invariant. Since G/N is solvable we have that M/N is an
abelian r-group.
If r ∈ {p,q} then we know that there is a unique {p,q}′-special α ∈ Irr(M | θ) extending θ .
It is clear that α(1) is a q ′-number. By uniqueness we have that α is Q-invariant and real-valued
(respectively rational-valued), as we wanted.
Now, assume that r = p and r = q . In this case we have that every character in Irr(M | θ) is
{p,q}′-special. So it suffices to find α ∈ Irr(M | θ) real-valued (respectively rational-valued) and
Q-invariant. Since θ is G-invariant we have that either Irr(M | θ) = {α} or θ extends to M . If
there is a unique irreducible constituent α of θM then we have that α is real-valued (respectively
rational-valued) and Q-invariant, by uniqueness.
Therefore, we may assume that θ extends to M . If r = 2. We claim that there is a unique
α ∈ Irr(M | θ) real-valued. First we show the existence of this character. We have that
∑
μ∈Irr(M|θ)
μ = θM = (θ¯)M =
∑
μ∈Irr(M|θ)
μ¯.
Since |M/N | = |Irr(M | θ)| is odd, it follows that there is a α ∈ Irr(M | θ) real-valued. Now,
suppose that γ ∈ Irr(M | θ) is also real-valued. By Gallagher we have that γ = αβ where β ∈
Irr(M/N). We have that αβ = γ = γ¯ = α¯β¯ = αβ¯ . This implies that β = β¯ and β = 1M/N .
Hence α is the unique real valued character in Irr(M | θ). By uniqueness it follows that α is also
Q-invariant (θ is G-invariant). Now, if θ is rational-valued, in particular, it is real-valued. Then
there is a unique α ∈ Irr(M | θ) real-valued. Let τ ∈ Gal(Qm) where m = |M|. By uniqueness, it
follows that ατ = α. Hence α is rational-valued and again by uniqueness α is Q-invariant.
Assume that r = 2. Since q does not divide |M/N |, it follows that there is a Q-invariant
α ∈ Irr(M | θ). Now, by Gallagher we have that Irr(M | θ) = {μβ | μ ∈ Irr(M/N)}. Let Δ =
{αβ | β ∈ Irr(M/N is Q-invariant)}. Since Q is acting coprimely on M/N . We have that |Δ| =
|CM/N(Q)| divides |M/N | which is even. On the other hand, |Δ| divides |NG/N(QN/N)| =
|NG(Q)N/N | which is odd. Hence, |Δ| = 1. So, α ∈ Irr(M | θ) is the unique Q-invariant exten-
sion of θ to M . By uniqueness it follows that θ is real-valued (respectively rational-valued), as
we claimed.
We have showed that there is α ∈ Irr(M | θ) which is {p,q}′-special, real-valued and
Q-invariant. Now, since |G : M| < |G : N |, we have that there is ϕ ∈ IBr(G | α0) ⊆ IBr(G | θ0)
real-valued (respectively rational-valued) of degree not divisible by q , as desired. 
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that the unique character in IBrq ′,R(G) is the principal character. Then |NG(Q)| is odd and G
is solvable.
Proof. We know that if G has even order, then there is a non-trivial χ ∈ Irr(G) rational-valued of
odd degree by Theorem B of [3]. And, by Lemma 2.2 we have that 1 = χ0 ∈ IBr(G) is rational-
valued of degree not divisible by q . Hence, if q = 2 then |G| is odd and therefore solvable.
Thus, we may assume that q = 2. We argue by induction on |G|. Let N be a minimal normal
subgroup of G. We have that G/N satisfies the hypothesis. Then by induction we have that
|NG/N(QN/N)| = |NG(Q)N/N | = |NG(Q)/NG(Q)∩N | is odd. Thus, it remains to prove that
|NG(Q) ∩ N | is odd. If N is a p-group or a q-group then the proposition holds. So, we may
assume that N is {p,q}′-group.
By Proposition 2.3 it follows that if 1N = θ ∈ IBr(N) = Irr(N) is real-valued, then θ is not
Q-invariant. We have that Q acts coprimely on N and the unique real irreducible character fixed
by Q is the principal character. Then |CN(Q)| is odd by Lemma 2.1 of [1]. Now, by Theorem 3.4
of [1], N is solvable. Thus, G is solvable and |NG(Q)| is odd, as desired. 
We are ready to prove Theorem A.
Proof of Theorem A. It is trivial that (b) implies (a). Now, by Proposition 2.1 we have that
(a) implies (c). It remains to show that (c) implies (b). Let Q be a Sylow q-subgroup of G.
If |NG(Q)| is even, then there is ϕ ∈ IBr(G) rational-valued of degree not divisible by q , as
desired. 
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